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Estimating Generalized Gaussian Blur Kernels
for Out-of-Focus Image Deblurring
Yu-Qi Liu, Xin Du , Hui-Liang Shen , Member, IEEE, and Shu-Jie Chen

Abstract— Out-of-focus blur is a common image degradation
phenomenon that occurs in case of lens defocusing. The out-
of-focus blur kernel is usually modeled as a Gaussian function
or a uniform disk in previous work. In this paper, we propose
that it can be more accurately depicted using the generalized
Gaussian (GG) function. This is motivated by the theoretical
analysis of the out-of-focus blur and the practical observation of
real blur kernels. We show that as the out-of-focus blur kernels
are of specific shapes, the GG function can be further simplified to
a single-parameter model. We estimate the parameter of the GG
blur kernel from image patches containing step edges, and obtain
the clear image by non-blind image deblurring. Experimental
results validate that the proposed GG blur kernel estimation
algorithm outperforms the state-of-the-art ones deploying either
parametric (disk and Gaussian) or nonparametric kernels, and
consequently benefits the image deblurring process.

Index Terms— Out-of-focus blur, image deblurring, generalized
Gaussian function, parametric blur kernel, uniform disk kernel,
Gaussian kernel.

I. INTRODUCTION

IMAGE deblurring aims to recover the sharp image from
a blurred observation. In general, the blurred images

are caused by camera movement or lens defocusing. The
ubiquitous image degradation usually leads to difficulties in
object identification and scene interpretation. In this regard,
image deblurring plays a prominent role in image processing
and computer vision applications such as image reconstruc-
tion, biomedical imaging, face recognition, and space explo-
ration [1]–[4].

In mathematical formulation, the observed blurred image f
can be modeled as the convolution of the latent sharp image g
with the point spread function (PSF) h, resulting in

f = g ∗ h + n, (1)

where n is the image noise. The blind image deblurring prob-
lem is highly ill-posed as it needs to recover two unknowns,
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i.e., g and h, from one observation f . Recently, numerous
blind image deblurring algorithms have been introduced to
compute the latent sharp image and the blur kernel, by using
either multiple images [5]–[7] or a single image with suitable
image priors [8]–[10]. We note that, due to its ill-posed nature,
it is difficult to find an effective and universal solution to the
blind image deblurring problem. Fortunately, parametric blur
kernels exist under some circumstances such as linear motion
blur and out-of-focus blur. The parametric assumptions on blur
kernels could greatly improve the robustness of blind image
deblurring.

The out-of-focus blur occurs in the imaging process when
the image plane is away from the ideal reference plane. The
Gaussian and uniform disk functions [11] are frequently used
in out-of-focus image deblurring. The Gaussian PSF is of the
form

hσ (x, y) = 1∘
2πσ

exp

�
− x2 + y2

2σ 2

�
, (2)

where (x, y) are the pixel coordinates. The parameter σ , which
is the standard deviation of the Gaussian function, can be
estimated using the gradient information along edges [12],
local frequency representation [13], or local contrast prior [14].

The disk PSF is defined as

hr (x, y) =
⎧⎨
⎩

1

πr2 if
�

x2 + y2 ≤ r

0 otherwise.
(3)

The radius r can be estimated using circular Hough trans-
form [15] or circular Radon transform [16]. We note that,
although the Gaussian and disk kernels are widely employed,
it has not been verified if they are the best parametric forms
for out-of-focus blur modeling.

In this work, we propose that the out-of-focus blur ker-
nel can be more appropriately depicted by the generalized
Gaussian (GG) function. This is motivated by both theoretical
analysis and practical observations. The optical theory reveals
that the out-of-focus blur is the combined effect of lens
defocusing and light diffraction. As a consequence, the blur
kernel generally contains a flat hat and ramp edges that can
be well modeled by the GG function. This is also verified on
the blur kernels estimated from real images. Our observation
further shows that the ramp edges of the blur kernels are
of specific shapes, which implies that the two parameters
α and β of the GG function are redundant in representing
the blur kernel. Hence we establish the relationship between
the two parameters by numerical simulation and obtain the
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simplified GG function with a single parameter β for blur
kernel representation. We employ a strategy similar to [12]
to compute the gradient ratio R0 between the blurred and
re-blurred step edges, and establish a look-up table (LUT)
between R0 and β. Finally, we compute the clear image using
the obtained blur kernel and a non-blind image deblurring
algorithm. In summary, the main contributions of this work
are as follows:

• We propose that the GG function is more accurate in
depicting the out-of-focus blur kernels compared with the
conventional Gaussian and uniform disk models. This is
supported by both theoretical and practical analysis.

• We simplify the two-parameter GG function to its
single-parameter form based on the observation that the
ramp edges of real blur kernels are of specific shapes.
The parameter is robustly estimated using the step edges
in the image.

• We show that our GG blur kernel estimation algorithm
outperforms both parametric and nonparametric algo-
rithms on both synthetic and real images, and is con-
siderably beneficial to non-blind image deblurring.

A. Organization

The remainder of this paper is organized as follows.
Section II briefly reviews the related work on parametric blur
kernel estimation and image deblurring algorithms. Section III
presents the theoretical and practical analysis of out-of-focus
blur and argues that the blur kernel can be better modeled by
the GG function. Section IV introduces the single-parameter
GG model and elaborates the procedure of parameter estima-
tion. Section V shows the experimental results, and finally
Section VI concludes the paper.

II. RELATED WORK

Image deblurring can be coarsely classified into two cat-
egories. One category is blind image deblurring, which usu-
ally employs an alternative framework to compute the latent
image and blur kernel simultaneously [17]. Some natural
image priors have been employed to reduce the ill-posed
nature of this problem [7], [17]–[24]. The priors are usually
discovered by analyzing the statistics of different types of
blurred and sharp images. The other category is non-blind
image deblurring. It either assumes a known blur kernel or
estimates the blur kernel separately from deblurring algorithms
[25]–[28]. In some circumstances such as out-of-focus blur and
linear uniform motion blur, the blur kernels are of parametric
forms whose parameters can be estimated from the blurred
images. The readers can refer to [4] for a comprehensive
overview of image deblurring. In the following, we only briefly
review the previous work closely related to out-of-focus image
deblurring.

A. Parametric Out-of-Focus Blur Kernels

As mentioned in Section I, the out-of-focus blur kernel
is usually modeled as Gaussian or uniform disk functions.
For example, the work [13] employs the Gaussian function

to approximate the out-of-focus blur, and computes the scene
depth using a pair of sharp and defocused images. However,
in most cases only one blurred image is available. In [12],
the defocus map is computed under the assumption that the
out-of-focus blur kernel is Gaussian. The algorithm imposes
an additional Gaussian blur on the original blurred image, and
then estimates the Gaussian parameter using the gradient ratios
from the original and re-blurred images along step edges. The
work [29] presents an algorithm for detecting and estimating
just noticeable blur (JNB) caused by defocusing that spans a
small number of pixels in an image.

Approximating the out-of-focus blur by the Gaussian func-
tion is reasonable when the blur degree is small. However,
it is noticed that, when the blur degree becomes large,
the out-of-focus kernel has a flat top area [30] that cannot
be well represented by the Gaussian function. In this regard,
the out-of-focus blur kernel is also approximated as a uniform
disk.

Early work on estimating the radius of uniform disk is
introduced in [15]. It makes use of the circular Hough trans-
form on the frequency domain. Later work adopts particle
swarm optimization and wavelets transform to estimate the
radius [31]. The work [16] presents an out-of-focus blur
estimation algorithm using the circular Radon (C-Radon)
transform. In the algorithm, a two-region power law function
is introduced to fit the C-Radon curve. Unfortunately, the
C-Radon transform would fail to characterize the out-of-focus
blur for certain scenes because the frequency magnitudes are
highly anisotropic.

Previous work on out-of-focus blur is mainly estimating
the parameters of the Gaussian function and the disk kernel
which are derived from the physical model and optic model
respectively [11]. Both blur kernels are widely used for
their simple representation and computation. The generalized
Gaussian (GG) function has been deployed in approximating
the blur kernel of atmospheric turbulence images [32].

In this work, we model the out-of-focus blur using the GG
function in view of its accuracy. We simplify the parameters
such that we can determine the GG blur kernel by a single
parameter. We also propose an algorithm that estimates the
single-parameter GG kernel from an out-of-focus blurred
image based on our edge patch searching strategy.

B. Image Deblurring

Blind image deblurring refers to restoring the latent image
from its blurred observation. With a known blur kernel the
blind image deblurring is transformed to the non-blind image
deblurring problem. Early non-blind image deblurring algo-
rithms recover poor latent image with heavy ringing artifacts
when the kernel estimation is not precise [18], [25]. Extensive
image priors have been introduced to reduce the artifacts in the
restored latent images where most of them are derived from
the sparsity property of image gradients.

In the pioneering work [23] the heavy-tail distribution of
gradients is approximated by concatenating a two piece-wise
continuous functions as a prior. Inspired by the distribu-
tion of gradients, a fast deconvolution algorithm based on
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hyper-Laplacian function has been introduced in [17]. A LUT
is used to speed up the deconvolution. Similar to [23], the work
[20] observes the sparsity of gradients in text images and
introduces an L0 regularized prior based image deblurring
algorithm. The L0 regularized prior is also effective for natural
images and the best among the state-of-the-art algorithms [33].
Modifications have been introduced to cope with saturated
regions [21] where the L0 regularization is imposed on the
dark channel.

Over the last a few years, with the success of deep learning,
approaches based on convolutional neural networks (CNNs)
have been introduced. The CNN is trained to encode image
features and learn the deconvolution operation without the
need to know the cause of visual artifacts. In [26], a multi-
layer perceptron (MLP) approach is developed to remove
noise and artifacts which are produced by the deconvolution
process. The work [27] adopts deep CNNs for non-blind image
deconvolution and artifacts removal. In [34] a 6-layer CNN is
used to restore sharp edges for blur kernel estimation. An end-
to-end spatially variant recurrent neural networks (RNNs) is
introduced in [28], whose weights are learned by a deep CNN
for dynamic scene deblurring. Video deblurring techniques,
which take advantage of the abundant information from neigh-
boring frames for deblurring, also benefits from deep learning.
In [35], an end-to-end CNN is employed to deblur an image
given its neighboring frames. A 3D CNN is introduced in [36]
to recover the sharp image with spatial-temporal features.
A common drawback of deep learning algorithms is that they
usually require large datasets for training and do not generalize
well on unseen data.

III. WHY GENERALIZED GAUSSIAN MODEL

The out-of-focus blur kernel is usually approximated by
Gaussian or disk functions in many image deblurring methods
[13], [37], [38]. This section shows that the GG function is
more accurate in depicting the out-of-focus blur based on
theoretical analysis and practical observation.

A. Optical Theory of Out-of-Focus Blur

The out-of-focus blur occurs when the distance between the
image plane and the sensor reference plane is large enough to
produce an unacceptable defocus blur that adversely affects
the performance of the optical system [39]. Assuming a point
of light source on the focal plane whose distance between
the lens is S1, the light will focus on a spot on the sensor
reference plane. If we place the light source farther where the
distance to lens becomes S2, the rays of light will converge
before the sensor reference plane. As a result, a blurred pattern
will appear on the sensor. The pattern is a scaled version of
the aperture, for example, a uniform disk which is called the
CoC [19]. Fig. 1(a) illustrates the optical out-of-focus model
with aperture diameter A and focal length f . The diameter c
of the CoC is formulated as

c = |S2 − S1|
S2

· f A

S1 − f
. (4)

The diffraction is inevitable even in a perfect optical system
when out-of-focus blur occurs. Similarly, we consider an ideal

Fig. 1. Two optical models closely related to out-of-focus blur. (a) Out-of-
focus blur. (b) Optical diffraction.

small point source of light on the focal plane captured by the
optical system. The light will show as a diffraction pattern on
the screen called Airy disk rather than a bright point [40].
Fig. 1(b) illustrates the diffraction pattern and its optical
model. The intensity of the diffraction on angle γ is given
by [39]

I (γ) = I0 ·
�

2J1(m)

m

�2

, (5)

where I0 denotes the maximum intensity of the pattern at the
center of Airy disk pattern, J1 is the Bessel function of the
first kind of order one, and

m = π A sin γ

λ
, (6)

where λ denotes the wavelength of the light source.
The reason for the diffraction pattern is that light travels as

a wave motion and thus it bends around corners. The observed
out-of-focus blur is the combined output of the out-of-focus
model and the diffraction model. Hence, the out-of-focus blur
kernel can be represented by the convolution of a uniform
disk (CoC) with the Airy disk because every single ray of
light suffers from the diffraction. Fig. 2 shows the 2D PSFs
of the disk kernel, Airy disk, and their convolution as well as
the corresponding profiles. It is obvious that the shape of the
convolution is much like a GG distribution than the Gaussian
and the disk kernel. This is also supported in the practical
observation as will be presented in the following.

B. Real Out-of-Focus Blur Kernel

Previous work has shown that the blur kernel is a scaled
version of the aperture [19]. To approximate circular aper-
tures, the normal lens uses 5-bladed, 6-bladed and 7-bladed
diaphragms. We estimate the out-of-focus blur kernels using
7-bladed apertures with a tripod and find that the blur kernels
are isotropic. The isotropy is possibly due to the diffraction and
the increment of the blade number. The real out-of-focus blur
kernel is estimated through a maximum a posteriori (MAP)
algorithm using a sparse prior [41]. Fig. 3 illustrates the
apertures of different f-numbers and the calibration chart. The
chart contains circles of different sizes such that the richness
of gradient directions can benefit blur kernel estimation. Then
we acquire a set of blurred images f and sharp images g of
the calibration chart. An alignment algorithm is used to reduce
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Fig. 2. The CoC, Airy disk and their convolution. (a) The 2D PSF of the
uniform disk-shaped CoC and its profile. (b) The 2D Airy disk pattern and
its profile. (c) The 2D PSF of the convolution of CoC and Airy disk and its
profile.

Fig. 3. The components used for blur kernel estimation. (a)-(c) A heptagon
lens with aperture partially closed. (d) The calibration chart.

the displacement between the blurred and the sharp image [42]
to improve the kernel estimation accuracy. The blur kernel is
computed by minimizing the objective function

J (h) = �g ∗ h − f�2
2 + μ1 · φ(h), (7)

where μ1 balances the weight of the data term and regular-
ization, and is set to 0.002 in this work. The constraint φ(h)
is defined as

φ(h) =
�

i

φ(hi ), φ(hi ) =
	

hi , hi ≥ 0,

+∞, hi < 0
(8)

where hi denotes the i th entry in the blur kernel.
Several estimated 2D blur kernels and their profiles along

the x-axis are shown in Fig. 4. It is observed that the kernels
have ramp edges (instead of step edges) and top flat areas,
and the decay rates of the edges are similar among different
kernels. Based on this observation, the disk and Gaussian
functions are inaccurate in modeling the out-of-focus blur
kernel. This inspires us to seek a more suitable kernel form.

C. Modeling Blur Kernels Using the GG Function

The GG function is capable of describing the shapes of the
kernels illustrated in Fig. 4. It has been formerly applied in the
computer vision fields such as the atmospheric turbulence [32].
The GG blur kernel involves two parameters α and β, which
control the decay rate of edges and the scale respectively.
To keep the image intensity level unchanged, the GG blur
kernels are normalized so that they sum to 1. The 2D GG

Fig. 4. The blur kernel estimated from the blurred and sharp images of the
calibration chart.

Fig. 5. The shapes of one-dimensional GG functions generated using different
parameter values.

function is represented as

Gα,β(x, y) = α

2πβ2 	( 2
α )

exp

�
−

�∘
x2+y2

β

�α�
, (9)

where 	(·) is the Gamma function. Fig. 5 shows the GG func-
tions generated with different α and β values. As observed,
the GG function becomes the Laplacian, Gaussian, and disk
functions when α = 1, 2, or ∞.

IV. ESTIMATING THE GG BLUR KERNELS

In this section, we first show that the 2D GG function can be
simplified to a 1D function based on the characteristics of the
out-of-focus blur kernels. Then we estimate the parameter of
the GG blur kernel using image patches containing step edges.
Finally, we present the non-blind image deblurring algorithm
using the estimated blur kernel.
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Fig. 6. The profiles of 24 estimated out-of-focus blur kernels. (a) Original
profiles. (b) Scaled profiles.

Fig. 7. The distribution of the width of the falling and rising edges computed
from the profiles of real kernels.

A. Simplifying the GG Model

For observation, we plot the profiles of 24 out-of-focus
blur kernels in Fig. 6(a). As the entries of a kernel sum
to 1, the magnitudes of these profiles are different. To further
explore the characteristics of these kernels, we scale these pro-
files such that their maximum magnitudes become 1. Fig. 6(b)
reveals that the width of the raising and falling edges are very
similar for all kernels.

To quantify the similarity, we define the edge width as
the amount of pixels between two adjacent positions with
maximum curvatures. Let i(x) be the magnitude of the profile,
the curvature at position x is computed as

k(x) = |i ��(x)|

1 + (i �(x))2� 3

2

, (10)

where i �(x) and i ��(x) denote the first and second derivatives
of i(x), respectively. We plot the histogram of the 48 edge
width (24 for raising edges and 24 for falling edges) in Fig. 7,
which indicates that most edges are of 5-pixel widths.

This observation inspires us that the two parameters,
α and β, of the GG function are redundant in depicting the out-
of-focus blur kernel. More specifically, these two parameters
should keep a relationship such that the GG function can
produce blur kernels with a 5-pixel edge width. Because it
is difficult to formulate the relationship between α and β
directly, we explore this using numerical analysis. To exclude
the influence of noise, we generate a set of ideal blur kernels
as shown in Fig. 8(a) by simulating them from a real blur
kernel. As shown, these kernels have identical edge widths but
different spans between the rising and falling edges. We then
normalize the blur kernel such that the kernel entries sum to 1.

Fig. 8. Computation of the relationship between the parameters α and β.
(a) Synthetic blur kernels. (b) The distributions of the optimal parameters.

Fig. 9. The comparison of different kernels. (a) The estimated real kernel
and the fitting results. (b) RMSEs of different kernels.

We determine the relationship between α and β using
exhaustive search under the constraint that the blur kernels
should keep a constant edge width. The parameter α should
be in the range [2,∞). This is due to the fact that, even
when the object is well-focused, the acquired image is still
blurred by the Airy disk. As most energy is inside the first
bright ring, the Airy disk can be approximated as a Gaussian
function [39], which corresponds to α = 2. We compute the
optimal parameters for the simulated kernels in Fig. 8(a) in
terms of lowest root mean squared error (RMSE), and plot the
optimal parameter values in Fig. 8(b). We observe that α and
β have a linear relationship when α > 2. More specifically, α
can be expressed as a function of β,

α ≡ f (β)

= max(2, 1.033β − 0.6217). (11)

In this manner, the two-parameter GG blur kernel can be
simplified to its single-parameter form,

Gβ(x, y) = Gα,β(x, y)|α= f (β), (12)

which can improve robustness in parameter estimation.
For quantitative analysis, we compare the capability of

the Gaussian, disk, and single-parameter GG functions in
depicting real out-of-focus blur kernels. Fig. 9(a) shows the
fitting results of a typical real blur kernel, and Fig. 9(b)
illustrates the fitting RMSEs of different kernels. It is clear
that our single-parameter GG function is more appropriate in
depicting out-of-focus blur kernels. This is in accordance with
the optical theory and the practical observation in Section III.
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Fig. 10. The flowchart of parameter estimation. Here, h denotes the out-
of-focus blur kernel, hg(σ0) denotes the Gaussian function with specified
standard deviation σ0, and ∇ denotes the gradient operator.

B. Parameter Estimation

Our parameter estimation algorithm is inspired by the
gradient-based framework introduced in [12]. Fig. 10 illus-
trates the flow chart of the algorithm, which consists of several
steps. The ideal step edge is corrupted by the out-of-focus
blur kernel h which can be modeled as the single-parameter
GG function. We re-blur the blurred edge with a Gaussian
function hg(σ0) with known standard deviation σ0 to generate
the re-blurred edge. Then, we compute the ratio distribution of
the gradients of the blurred and the re-blurred edges. Finally,
we use the ratio R0 at the position x = 0 to further compute
the GG parameter β.

We note that the out-of-focus blur kernel is approximated
as a Gaussian function in [12], which takes advantage of the
property that the convolution of two Gaussian functions is still
Gaussian. Hence the variance of the unknown Gaussian blur
kernel can be computed from the gradient ratio using a simple
formula. Although this formula does not hold when using the
GG kernel function, we will show that the GG parameter β
can be determined from the ratio R0 by establishing a LUT,
denoted as LU T (R0, β).

In the following, we elaborate the parameter estimation
algorithm based on our single-parameter GG kernel. The 2D
step edge is denoted by s = aux + b, where ux is a 2D step
function whose magnitude changes at x = 0. The out-of-focus
blur on the step edge is modeled as

t = hgg(β) ∗ s, (13)

where ∗ denotes the convolution operator. After consequent
Gaussian re-blurring, the edge further becomes

t1 = hgg(β) ∗ s ∗ hg(σ0). (14)

In this work, we set σ0 = 5. Then the gradient ratio can be
computed at each pixel position,

R = ∇t
∇t1

= ∇ 

hgg (β) ∗ s

�
∇ 


hgg (β) ∗ s ∗ hg (σ0)
� , (15)

where ∇ denotes the gradient operator.
We take the ratio R0, which locates at the edge position

x = 0, as the representative of the ratio distribution R.

Fig. 11. The shape of LU T (R0, β).

Although R0 may not be the maximum when employing the
GG kernel function, its magnitude is comparatively large in
the ratio distribution. This is beneficial to a robust parameter
estimation.

By assuming the edge locates on the y-axis, (15) could be
further simplified. Note that ∇t and ∇t1 are symmetry to
y-axis because the GG and Gaussian functions are both
centrally symmetric. Then R0 can be represented as

R0 = ∇t (0, 0)

∇t1(0, 0)
=

� ∞
−∞ hgg(β, 0, y)dy� ∞

−∞ h(β, σ0, 0, y)dy
, (16)

where t (0, 0) and t1(0, 0) denote the edge magnitudes at the
origin, hgg(β, 0, y) denotes the magnitudes along the y-axis
of GG kernel, and

h(β, σ0, x, y)

=
 ∞

−∞

 ∞

−∞
hgg(β, x − u, y − v)hg(σ0, x, y)dudv. (17)

Here hg(σ0, x, y) denotes the magnitude of the re-blurring
Gaussian function at position (x, y).

Note that our objective is to determine the GG parameter β
from the estimated gradient ratio R0. As the analytical form
does not exist, we instead establish the numerical LU T (R0, β)
according to expression (16). The shape of the LUT is illus-
trated in Fig. 11.

C. Locating Edge Patches

The above analysis indicates that, under the assumption of
step edge, computing the GG parameter β is deterministic
after obtaining the gradient ratio R0. Hence locating step
edges is important for parameter estimation. The previous
work [12] detects edge patches using the Canny detector [43].
Its limitation is that the detected patches may contain curved
and irregular edges that violate the step-edge assumption.

In this work we locate edge patches using template match-
ing, evaluated in terms of the normalized cross-correlation
(NCC) measure [44]. As our aim is to locate appropriate edges
but not to detect all edges, we only employ 4 templates with
0◦, 45◦, 90◦, and 135◦ edge directions. The patch size is set
to 25 × 25 and the NCC threshold is set to 0.9. Fig. 12
shows an example for edge patch detection. It is observed
our approach performs better than the Canny edge detector in
locating step-like edges. It is common that the detected patches
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Fig. 12. Edge patch detection. (a) The blurred image. The overlapped red and
green points denotes the centers of the patches obtained by our approach and
the Canny detector, respectively. (b) Edge patches detected by our approach.
(c) Edge patches detected by the Canny detector.

Algorithm 1 Computing GG Parameter β

Initialization: Prepare LU T (R0, β) according to (16).
Input: The out-of-focus blur image.
Output: GG parameter β.
1. Re-blur the input image using the Gaussian function
hg(σ0);
2. Detect edge patches by template matching;
3. Compute the gradient ratio R0 for each edge patch;
4. Determine the most possible R0 by voting;
5. Determine β using LU T (R0, β).

produce different gradient ratios. By assuming that the out-of-
focus is spatially uniform in the image, we determine the most
possible gradient ratio R0 by voting.

After edge patch detection and edge ratio computa-
tion, the GG parameter β can be computed according to
Algorithm 1. Then we can construct the blur kernel using the
obtained β. Our experiment reveals that the kernel size (K×K )
is not influential to the image deblurring accuracy provided
that it covers 95% or above energy of the analytic GG model.
Hence we set the kernel width as K = 2×�2β+1, where the
operator �· rounds the variable up towards the nearest integer.

D. Image Deblurring

After obtaining the GG blur kernel, we employ the
non-blind deblurring algorithm introduced in [20] to compute
the sharp image. The objective function is defined as

g0 = arg min
g

�g ∗ h − f�2
2 + μ2�∇g�0, (18)

where g0, h, f denote the latent image, the blur kernel, and
blur observation respectively. � · �0 denotes the L0 norm. The
parameter μ2 balances the weight between the data term and
gradient regularization, and is set to 0.5 in this work. We use
the ringing suppression algorithm [20] to remove artifacts,
which can be presented as

g = gl − μ3 · BF(gl − g0), (19)

where BF denotes the bilateral filter, gl is the latent image
estimated with Laplacian prior in [17]. μ3 controls the degree
of ringing suppression and is set to 0.5 in this work. The L0
prior based deblurring algorithm [20] was introduced for text
image deblurring but also works effectively on natural images.

V. EXPERIMENTS

We evaluate the accuracy of our single-parameter GG kernel
estimation algorithm on both synthetic and real images. The
synthetic blurred images are generated by convolving vari-
ous GG blur kernels with sharp images collected from the
Kodak [45], BSD500 [46], and COCO [47] datasets, and from
the Internet. The real scene images are acquired by ourselves
using a single lens reflex (SLR) camera.

We compare our kernel estimation algorithm with the para-
metric algorithms, Zhuo and Sim [12] and Oliveira et al. [16],
which approximate the out-of-focus blur kernel as Gaussian
functions and disk functions, respectively. The width of the
square Gaussian kernel for Zhuo and Sim [12] is set as
K1 = 2 × �3σ + 1. We also compare our algorithm with the
state-of-the-art blind deblurring algorithms including Pan et al.
[20] and Yan et al. [22]. Both algorithms [20], [22] employ the
coarse-to-fine strategy to estimate the square-sized blur kernel.
The kernel width is set as K2 = �2β+3, where β denotes the
ground truth (in synthetic data experiments) or estimated (in
real data experiments) parameter of the GG kernel. The kernel
of the coarsest level is initialized as Gaussian with standard
deviation σ0 = 0.5. Our experiment shows that these settings
are proper to the algorithms [20], [22].

Two deep learning based deblurring algorithms [28], [34]
are used for comparison as well. Xu et al. [34] estimates the
blur kernel, while Zhang et al. [28] restores the sharp image
without producing the blur kernel. For a fair comparison of
the blur kernels produced by different algorithms, we employ
the same non-blind deconvolution framework elaborated in
Section IV-D.

We conduct quantitative evaluation on synthetic images.
The accuracy of blur kernel is evaluated using the RMSE
computed between the estimated and ground truth kernels.
The deblurring quality is evaluated by the peak signal-to-
noise ratio (PSNR) and structure similarity (SSIM) [48] mea-
sures computed between the deblurred and ground truth sharp
images. We also conduct qualitative evaluation on real scene
images, by judging the visual quality of the estimated blur
kernels and deblurred images.

A. Image Datasets

Fig. 13 shows the sample images collected from the Kodak
dataset [45] and from the Internet. The images Wall and
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Fig. 13. Images from the Kodak dataset [45] and the Internet.

Fig. 14. Images from the BSD500 dataset [46].

Bookshelf are indoor scenes while the others are outdoor
scenes. The image sizes are larger than 106 pixels.

Fig. 14 shows the images selected from the
BSD500 dataset [46] that includes the buildings, portraits,
and vegetables scenes. The image sizes are about 2.5 × 105

pixels, much smaller than those of the Kodak dataset. Fig. 15
shows the images collected from the COCO dataset [47].

Fig. 15. Images from the COCO dataset [47].

Fig. 16. The 10 single-parameter GG blur kernels used for simulating out-
of-focus blur images. The parameter β = 1, 2, · · · , 10.

They are mostly human-made scenes and the image sizes are
also small.

B. Accuracy of Blur Kernel Estimation

The accuracy of the blur kernel estimation is fundamental to
non-blind image deblurring since an inappropriate blur kernel
will produce ringing artifacts. We evaluate the accuracy on
simulated blurred images by using various GG blur kernels to
generate the synthetic images (see Fig. 16). The accuracy of
kernel estimation is evaluated using RMSE, which is computed
as

RM SE =
�

1

N
�h − hgt�2

2, (20)

where N denotes the number of entries in the blur kernel,
h and hgt denote the estimated and ground truth kernels,
respectively.

Fig. 17 shows the average RMSEs of different blur kernel
estimation algorithms. It is observed that the RMSEs produced
by our algorithm is close to those of Zhuo and Sim [12]
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Fig. 17. RMSE values of the blur kernels estimated by different algorithms.

Fig. 18. The average PSNR and SSIM values produced by the three
deblurring algorithms in case of parameter estimation biases.

when β ≤ 2. This is because that the single-parameter GG
kernel approaches Gaussian when β is small.

We also evaluated the robustness of image deblurring by
assuming that the kernel parameters are biased by ±10%
and ±20%. Fig. 18 shows the average PSNR and SSIM
values of the deblurring results using the kernels estimated by
Zhuo and Sim [12], Oliveira et al. [16], and our algorithm.
It is observed that our algorithm slightly degrades when
inducing parameter biases but still performs better than the
two competitors. Interestingly, the PSNR and SSIM values of
Oliveira et al. [16] become larger in the cases of −10% and
−20% parameter biases. This indicates that the algorithm is
not quite robust in kernel estimation.

C. Deblurring Results on Synthetic Images

After obtaining the parametric or nonparametric out-of-
focus blur kernel, we compute the sharp images using the
same non-blind image deblurring procedure for a fair com-
parison [20]. Table I, Table II and Table III list the average
PSNR and SSIM values of different deblurring algorithms,
which are computed on each scene blurred by the 10 GG blur
kernels illustrated in Fig. 16. It is observed that our algorithm
produces the highest or the second highest PSNR and SSIM
values on most synthetic scenes. Zhang et al. [28] also gives
good accuracy, indicating that an end-to-end network is effec-
tive in image deblurring. Compared with Zhang et al. [28],
the advantage of our algorithm is that it is very simple and
does not require a training dataset.

In addition to the quantitative comparison, we also illustrate
the image deblurring results on synthetic scenes for visual

Fig. 19. The deblurring results on the synthetic image Villa blurred by the GG
kernel with parameter β = 5. Top: Original image and the ground truth blur
kernel. Bottom: Highlighted deblurring results and their error maps computed
w.r.t. the ground truth sharp images (1st - 4th columns) and the estimated blur
kernels (5th column). Note that the kernels produced by individual algorithms
have been resized for visualization.

comparison. Fig. 19 shows the estimated blur kernels produced
by different algorithms and their corresponding deblurring
results on the Villa scene. It is observed that the deblurring
results produced by Oliveria et al. [16] contains obvious
ringing artifacts. The error maps indicate that, our algorithm,
Zhuo and Sim [12], and Zhang et al. [28] perform better
than the three nonparametric algorithms, Pan et al. [20],
Yan et al. [22], and Xu et al. [34].

Fig. 20 shows that the Gaussian kernel estimated by Zhuo
and Sim [12] is quite different from the ground truth kernel,
and the restored image is still blurry. As the GG kernel cannot
be approximated by a uniform disk, Oliveria et al.’s algorithm
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TABLE I

PSNR AND SSIM OF THE DEBLURRING RESULTS COMPUTED BY DIFFERENT ALGORITHMS ON THE KODAK DATASET AND
INTERNET IMAGES. THE BEST AND SECOND BEST ONES ARE IN RED AND BLUE, RESPECTIVELY

TABLE II

PSNR AND SSIM OF THE DEBLURRING RESULTS COMPUTED BY DIFFERENT ALGORITHMS ON THE BSD500 DATASET.
THE BEST AND SECOND BEST ONES ARE IN RED AND BLUE, RESPECTIVELY

TABLE III

PSNR AND SSIM OF THE DEBLURRING RESULTS COMPUTED BY DIFFERENT ALGORITHMS ON THE COCO DATASET.
THE BEST AND THE SECOND BEST ONES IN RED AND BLUE, RESPECTIVELY

produces severe ringing artifacts. The three nonparametric
algorithms, Pan et al. [20]. Yan et al. [22], and Xu et al. [34]
produce blurry results due to the inaccurate estimation of blur
kernels. Zhang et al. [28] successfully recovers a sharp image,
but still generates some artifacts near the text in the red box.
In comparison, our estimated kernel is quite similar to the
ground truth, and the restored image is relatively sharp and
free of artifacts.

Fig. 21 shows that the deblurring results produced by
Pan et al. [20] and Oliveria et al. [16] exhibit ringing artifacts
around the stars and text due to inaccurate estimation of blur

kernels. Zhuo and Sim [12], Yan et al. [22], and Xu et al.
[34] cannot restore the text well in the deblurred images.
Zhang et al. [28] produces a sharp image with noticeable ripple
effects around the stars in the red box. In comparison, our
algorithm generates a less sharp but visually pleasant deblurred
image.

D. Deblurring Results on Real Images

We further evaluate the blur kernel estimation algo-
rithms on real out-of-focus images whose size is around
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Fig. 20. The deblurring results on the synthetic images Bookshelf blurred
by the GG kernel with parameter β = 8. Top: Original image and the
ground truth blur kernel. Bottom: Highlighted deblurring results and their
error maps computed w.r.t. the ground truth sharp images (1st - 4th columns)
and the estimated blur kernels (5th column). Note that the kernels produced
by individual algorithms have been resized for visualization.

6 × 106 pixels. Fig. 22 shows that the blur kernels esti-
mated by the two nonparametric algorithms, Pan et al. [20],
Yan et al. [22], and Xu et al. [34] are far from a reasonable
out-of-focus blur kernel. Accordingly, the produced deblurring
images contain ringing artifacts. Oliveira at al. [16] fails in
estimating the blur kernel because the required assumption
on the image spectrum does not hold in this scene. As the
out-of-focus blur kernel cannot be approximated by Gaussian
function, the result produced by Zhuo and Sim [12] contains
obvious ringing effect. The result by Zhang et al. [28] is
not satisfactory due to the unpleasant noises. Our algorithm
performs well in keeping sharp details and avoiding artifacts.

Fig. 23 shows the deblurring result of a blurry stone
landmark. Fig. 24 shows the deblurred image of a natural

Fig. 21. The deblurring results on the synthetic images Wall blurred by
the GG kernel with parameter β = 6. Top: Original image and the ground
truth blur kernel. Bottom: Highlighted deblurring results and their error maps
computed w.r.t. the ground truth sharp images (1st - 4th columns) and the
estimated blur kernels (5th column). Note that the kernels produced by
individual algorithms have been resized for visualization.

scene with depth of field (DOF) change. It is observed that
blur kernels estimated by Oliveira at al. [16], Pan et al. [20],
Yan et al. [22], and Xu et al. [34] are incorrect, and their
corresponding deblurred images are not satisfactory. As the
out-of-focus blur cannot be approximated by Gaussian func-
tion, Zhuo and Sim [12] produces artifacts along edges. The
deblurred image produced by Zhang et al. [28] contains
high-frequency noises. In contrast, the deblurred image gen-
erated by our algorithm outperforms the competitors.

In the following, we analyze the reason why Zhang et al.
[28] performs well on synthetic images but generates obvious
high-frequency noises on real scene images. We evaluate the
algorithm on images with the same scene but different image
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Fig. 22. The deblurring results on a real scene. Top: Blurred image. Bottom:
Highlighted deblurring results (1st - 2nd columns) and the estimated blur
kernels (3rd column). Note that the kernels produced by individual algorithms
have been resized for visualization.

sizes (150 × 150 and 300 × 300 pixels). Fig. 25 clearly shows
that the artificial noise is much severer on the larger image.
The possible reason is that the debluring network in [28] is
trained on small-sized images, and does not generalize well to
large-sized real scene images used in the experiments. This is
the limitation of learning-based image deblurring algorithms.

E. Computational Time

We also compare the computational time of kernel estima-
tion in the deblurring algorithms except Zhang et al. [28] as it
does not generate blur kernels. The computation is performed
using MATLAB® on a Personal Computer with an Intel®

i5 CPU and 16 GB memory. Table IV lists the computational
times on an images with 1000×667 pixels. Pan et al. [20] and

Fig. 23. The deblurring results on a real scene. Top: Blurred image. Bottom:
Highlighted deblurring results (1st - 2nd columns) and the estimated blur
kernels (3rd column). Note that the kernels produced by individual algorithms
have been resized for visualization.

Yan et al. [22] are relatively slow, requiring 73.4 and 90.0 sec-
onds, respectively. The reason is that these two algorithms
compute the sharp image using alternative optimization and
estimate the blur kernel in a coarse-to-fine manner. Xu et al.
[34] requires 44.1 seconds, mostly spending on sharp edge
restoration and alternative optimization. By estimating the
kernel parameter in the frequency domain, Oliveria et al. [16]
reduces the running time to 3.4 seconds. In comparison, our
algorithm and Zhuo and Sim [12] are the fastest ones, thanks
to the fact that locating edge patches and parameter estimation
are both computationally efficient.

F. Extension to Nonuniform Deblurring

Although our algorithm computes one kernel parameter
from an image, it can be easily extended to nonuniform
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TABLE IV

COMPUTATIONAL TIME (IN SECONDS) OF KERNEL ESTIMATION IN DIFFERENT DEBLURRING ALGORITHMS

Fig. 24. The deblurring results on a real scene. Top: Blurred image. Bottom:
Highlighted deblurring results (1st - 2nd columns) and the estimated blur
kernels (3rd column). Note that the kernels produced by individual algorithms
have been resized for visualization.

image deblurring after computing the defocus maps [49] of
the images. Let mi be the mask of the i th defocus level, and
hi the corresponding blur kernel, then the blurred image can
be formulated as

f =
�

i

hi ∗ (mi ◦ g), (21)

Fig. 25. Comparison of deblurring results produced by Zhang et al. [28] on
images of sizes 150 × 150 and 300 × 300 pixels.

Fig. 26. Two nonuniform deblurring results using our algorithm. The insets
show the defocus maps computed according to [49].

where the computation mi ◦ g produces the image region at
the i th defocus level. We compute the kernel parameter βi

from each defocus region, and deblur this region using our
algorithm. By concatenating the regional deblurring results we
finally obtain the complete sharp image. Two exemplar results
of nonuniform image deblurring are illustrated in Fig. 26. It is
observed that the image scenes at various distances all become
sharper after applying our deblurring algorithm.

VI. CONCLUSION

In this paper, we have proposed an algorithm of estimating
generalized Gaussian (GG) blur kernels for out-of-focus image
deblurring. The GG model is simplified to its single-parameter
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form thanks to the shape characteristics of real out-of-focus
blur kernels. The kernel parameter is computed using a
gradient-based approach with proper edge patch selection.
It has been validated by experiments that the GG functions
are more appropriate in depicting out-of-focus blur kernels,
and outperforms both parametric or nonparametric kernel
estimation approaches.

A limitation of our algorithm is that the blur kernel is
only estimated on an image or a region rather than a small
patch. We plan to extend our kernel estimation algorithm
for dense nonuniform image deblurring, with emphasis on
estimating the GG parameter from more general edges using
deep learning.
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